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Deformable structures can be examined:
- experimental methods (cost, time consuming)
- theoretical methods: 
• analytical (only simple models)
• numerical (approximate methods) – FDM, BEM, FEM
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Approximate methods in the analysis of continuous media

In approximate methods, the problem of searching for unknown functions 
(e.g. describing the displacement field) is replaced by the problem of searching 
for a finite number of parameters.

Finite difference 
method (FDM)

Boundary element 
method (BEM)

Finite element 
method (FEM)

Partial differential 
equations

Boundary integral 
equations

Functional 
minimalization
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Principle of minimum total potential energy

The principle of minimum total potential energy states that:
Of all geometrically admissible forms of displacements to which an elastic system may 
be subjected, the one for which the functional of the total potential energy reaches a 
minimum value will occur.

𝑉 = 𝑈 − 𝑊 = min !

The finite element method in structural statics is usually presented as an 
approximate method using the theorem on the minimum total potential energy 
of a deformable system.

Total potential energy of a deformable system:

𝛺 − 𝑑𝑜𝑚𝑎𝑖𝑛 , 𝛤 − 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 ,
𝜎𝑖𝑗 − 𝑠𝑡𝑟𝑒𝑠𝑠 𝑡𝑒𝑛𝑠𝑜𝑟,

ε𝑖𝑗 − 𝑠𝑡𝑟𝑎𝑖𝑛 𝑡𝑒𝑛𝑠𝑜𝑟,

𝑉 = 𝑈 − 𝑊 =
1

2
 𝜎𝑖𝑗ε𝑖𝑗d𝛺 −  𝑋𝑖u𝑖d𝛺 −  𝑝𝑖u𝑖d𝛤
𝛺 𝛺 𝛤

V – functional (of the searched function u( ҧ𝑥) assigns a number)

Minimizing the functional is the task of variation calculus

u𝑖 − 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑣𝑒𝑐𝑡𝑜𝑟,
𝑝𝑖 − 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑙𝑜𝑎𝑑,
𝑋𝑖 − 𝑚𝑎𝑠𝑠 𝑓𝑜𝑟𝑐𝑒𝑠

p

X

x y

z
𝛺

𝛤
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Example 1: Deflection line of a beam

Boundary conditions: 𝑤 𝑥 = 0 = 0 𝑑𝑤

𝑑𝑥
𝑥 = 0 = 0

𝑤 𝑥 = 𝐿 = 0

Differential equation

𝑑2

𝑑𝑥2
𝐸𝐽

𝑑2𝑤

𝑑𝑥2
= 𝑞 𝑥 𝑉 𝑤 =

1

2
න

0

𝐿

𝐸𝐽 𝑤" 2𝑑𝑥 − න
0

𝐿

𝑞 𝑥 𝑤 𝑥 𝑑𝑥 = 𝑚𝑖𝑛

Principle of minimum total potential energy

or

q(x)

x

L

dx
EJ

𝑤 𝑥

x

𝑤 𝑥  - unknown function𝑤 𝑥  − 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  

dx T+dT
T

q(x)

M M+dM

𝑞 =
𝑑𝑇

𝑑𝑥
𝑇 =

𝑑𝑀

𝑑𝑥

Approximation:  parametric or nodal

Approximate function:

𝑤 𝑥 = 

𝑖=1

𝑛

𝑎𝑖  𝑔𝑖 𝑥

global or local
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( ) ( ) ( ) ( )xgaxgaxgaxw nn +++= ...~
2211

( )naaafV ,...,, 21=

Let's introduce an approximating function:

(it can be a power or Fourier series)

The approximating function is a linear combination of the unknown parameters ai 
and known geometrically feasible functions gi(x)

After substituting this function into the expression for the total potential energy, 
we obtain the function of parameters ai :

Now we need to find the minimum of the function with respect to the parameters:

0...0;0
21

=



=




=





na

V

a

V

a

V Finally, we get a system of 
linear algebraic equations

ia ( )xw~

The Ritz Method

𝑉 =
1

2
න

0

𝐿

𝐸𝐽 𝑤" 2𝑑𝑥 − න
0

𝐿

𝑞 𝑥 𝑤 𝑥 𝑑𝑥
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p0

A B

EJy

l

x

w(x) Solve a cantilever beam using the given 
approximating function using the Ritz method:

Boundary conditions: ( ) 00~ ==xw ( ) 00~ == xw01 =a 02 =a

For the function to satisfy geometric conditions:

( ) 3

4

2

3
~ xaxaxw += ( ) 2

43 32~ xaxaxw += ( ) xaaxw +=
43 62~

Potential energy:

( )  ( ) ( )  −=
l

l

dxxwxpdxxwEJV
0

0

2

2
1 ( )  ( ) ( )  −=

l

l

dxxwxpdxxwEJV ~~

0

0

2

2
1

( ) ( )dxxaxapdxxaaV

ll

EJ

 +−+=
0

3

4

2

30

0

2

432
62

( ) ( )dxxaxapdxxaxaaaV

ll

EJ

 +−++=
0

3

4

2

30

0

22

443

2

32
36244

After substituting the approximating function:

Example 2: Cantilever beam loaded with uniform distributed load

( ) 3

4

2

321
~ xaxaxaaxw +++= Polynomial 

of 3rd order
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( ) ( )dxxaxapdxxaxaaaV

ll

EJ

 +−++=
0

3

4

2

30

0

22

443

2

32
36244

( ) ( )
ll

EJ xaxapxaxaaxaV
0

4

44
13

33
1

0
0

32

4

2

43

2

32
12124 +−++=

( ) ( )4

44
13

33
1

0

32

4

2

43

2

32
12124 lalaplalaalaV EJ +−++=

The minimum condition for a function:

0
3

=




a

V ( ) 0128 3

03
1

4

2

32

3

=−+=



lpalla

a

V
EJ

0
4

=




a

V ( ) 02412 4

04
1

4

3

3

2

2

4

=−+=



lpalal

a

V
EJ

yEJ

lp
a

2
0

24
5

3 =

yEJ

lp
a 0

12
1

4 −=

( ) 3

12
12

24
5 0

2
0~ xxxw

yy EJ

lp

EJ

lp
−=Final approximating function:

Example 2: Cantilever beam (cont.)
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( ) 3

12
12

24
5 0

2
0~ xxxw

yy EJ

lp

EJ

lp
−=Final approximating function:

෩𝑀𝐵 = 𝐸𝐽𝑦 𝑤″ 𝑥

Bending moment approximation:

෩𝑀𝐵 𝑥 =
5

12
𝑝0𝑙2 −

1

2
𝑝0𝑙 ⋅ 𝑥

( )xwEJT y
= ~~

Approximation of shear force:

( ) lpxT 02
1~

−=

( ) 4

24
13

12
22

24
6 00

2
0 xxxxw

yyy EJ

p

EJ

lp

EJ

lp
+−=

The exact solution:

𝑀𝐵 𝑥 =
1

2
𝑝0 𝑙 − 𝑥 2

( ) ( )xlpxT −−= 0

Example 2: Cantilever beam (cont.)



( ) 3

12
12

24
5 0

2
0~ xxxw

yy EJ

lp

EJ

lp
−=

Approximate solution:

෩𝑀𝐵 𝑥 =
5

12
𝑝0𝑙2 −

1

2
𝑝0𝑙 ⋅ 𝑥

( ) lpxT 02
1~

−=

( ) 4

24
13

12
22

24
6 00

2
0 xxxxw

yyy EJ

p

EJ

lp

EJ

lp
+−=

The exact solution:

𝑀𝐵 𝑥 =
1

2
𝑝0 𝑙 − 𝑥 2

( ) ( )xlpxT −−= 0

Example 2: Cantilever beam (cont.)
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( )
yEJ

lp
lw

4
0125.0~ =

( )
yEJ

lp
lw

4
0082.0~

4
3 =

( )
yEJ

lp
lw

4
0042.0~

2
1 =

( )
yEJ

lp
lw

4
0012.0~

4
1 =

( )
yEJ

lp
lw

4
0125.0=

( )
yEJ

lp
lw

4
0084.0

4
3 =

( )
yEJ

lp
lw

4
0044.0

2
1 =

( )
yEJ

lp
lw

4
0013.0

4
1 =

x
l

11%

6%

2%

( )xw~

( )xw

x
l

2

012
6 lp

2

012
5 lp

2

012
1 lp−

( )xM g

~

( )xM g

x
l

lp0−

lp02
1−

( )xT
~

( )xT
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Solve a statically indeterminate beam using the Ritz 
method and a given approximating function:

( ) 







−=

l

x
Axw

2
cos1~P

A B

EJ

½l

C

½l

Boundary conditions: ( ) 00~ ==xw ( ) 00~ == xw

The function satisfies the geometric conditions!

( ) 0~ == lxw ( ) 0~ == lxw

( )
l

x
A

l
xw

 2
sin

2~ = ( )
l

x
A

l
xw

 2
cos

4~
2

2

=

Total potential energy:

( )  ( )lwPdxxwEJV
l

2
12

2
1 −=  ( )  ( )lwPdxxwEJV

l

2
12

2
1 ~~ −= 









−−








=  l

l
APdx

l

x
A

l
V

l

EJ 2
1

0

2

2

2

2

2
cos1

2
cos

4 

After substituting the approximating function:

APdx
l

x
A

l

EJ
V

l

−=  2
2

cos
16

2
0

22

4

4 

w(x)

Example 3: Beam fixed on both ends
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( ) 







−=

l

x
Axw

2
cos1~

APdx
l

x
A

l

EJ
V

l

−=  2
2

cos
16

2
0

22

4

4 

APA
l

EJ
V −= 2

4 2

3

4

Total potential energy:

0=




A

V

The minimum condition for a function:

02
8

3

4

=−=



PA

l

EJ

A

V 

EJ

Pl
A

4

3

4
=

P

A B

EJ

½l

C

½l

w(x)

( ) 







−=

l

x

EJ

Pl
xw





2
cos1

4

~
4

3

An approximate function describing the deflection line:

෩𝑀𝐵(𝑥) = 𝐸𝐽 ⋅ 𝑤″ 𝑥 =
𝑃𝑙

𝜋2 ⋅ cos
2𝜋𝑥

𝑙

Bending moment approximation:

( )
l

xP
xwEJxT





2
sin~)(

~
−==

Shear force approximation:

Example 3: Beam fixed on both ends (cont.)
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( ) 







−=

l

x

EJ

Pl
xw





2
cos1

4

~
4

3

෩𝑀𝐵(𝑥) =
𝑃𝑙

𝜋2 ⋅ cos
2𝜋𝑥

𝑙 l

xP
xT





2
sin)(

~
−=

Approximate solution (Ritz method):

Pl2

1



෩𝑀𝐵(𝑥)

Pl2

1



Pl2

1


−

)(
~

xT

P

2

P

2−

( )
EJ

Pl

EJ

Pl
lwwextr

3

4

3

2
1 005133.0

2

~~ −=
−

==


( )
EJ

Pl

EJ

Pl
lwwextr

33

2
1 005208.0

192
−=

−
==

Exact solution:

Pl
8
1−

Pl
8
1 Pl

8
1

𝑀𝐵 𝑥

P
2
1−

P
2
1

( )xT

19% błędu

1.5% error

Example 3: Beam fixed on both ends (cont.)
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real phenomenon

mathematical model 
(continuous )

Discrete model

A
p

p
ro

xi
m

a
te

 m
et

h
o

d

NUMERICAL RESULT

laws of physics, material properties, geometry, 
boundary conditions

discretization, approximation

numerical 
calculations

EXACT SOLUTION OF THE MATHEMATICAL MODEL

EXACT SOLUTION OF THE DISCRETE MODEL

REAL RESULT

Approximate methods – flow chart

Discretization – selection of a finite number 
of parameters, 
Approximation – a method of description 
using pre-defined simple functions depending 
on the parameters being searched for
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Choosing a mathematical model

𝑎

ℎ

𝑥

𝑦
𝑧

density  (
𝑘𝑔

𝑚3)
gravity  g (

𝑚

𝑠2)

Wooden
 board

𝑥

𝑧

3D
solid 

2D
plate

1D
beam

mass load:  𝑔 (
𝑁

𝑚3)

pressure: 𝑔ℎ (
𝑁

𝑚2)

uniform distributed load: 𝑔𝑎ℎ (
𝑁

𝑚
)

Assumptions:
Material properties:
• isotropic,
• anisotropic,
• viscoelastic,
Large deflections
Boundary conditions 
(contact)

There is no single
 best model!

The right model depends on:
• the purpose of the analysis,
• the design requirements,
• the desired accuracy of the 

results,
• the availability of material 

data,
• the available 

computational tools

𝑙
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Discretization and approximation on the example of a function of one variable

A function:  𝒇 𝒙    in the interval < a, b >

we devide the interval < a, b > into 𝒏 equal subintervals of length:  ℎ = 𝑏 − 𝑎 /𝑛

The approximation can be:

- constant (stepped),
- linear,
- using splines.

x

f(x)

x1 x2 bx =a

h

0 x  =a+ihi

h h h

f1

f2

f0

3f

f i

continuous function 𝒇 𝒙  represents a set of
𝑛 + 1  values: 𝒇 𝒂 + 𝒊𝒉 , 𝑖 = 0, 1, 2, 𝑛
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Discrete solution versus exact solution of the continuous problem

discretization density

EXACT SOLUTION OF THE MATHEMATICAL MODEL

DISCRETE MODEL SOLUTION

Discrete model

NDOF
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FE method for Poisson’s equation in 2D space

Poisson's equation is a partial differential equation with broad utility in electrostatics, 
mechanical engineering and theoretical physics:
• Stationary heat flow,
• Stationary irrotational flow of an incompressible and inviscid fluid,
• Simple magnetic and electric fields,
• Stress distribution in the cross-section of a twisted rod

Where u0 and q0 are given functions defined on the corresponding parts of the boundary.
In special cases (simple geometry and boundary conditions) the task has its analytical solution.

Let's consider the boundary conditions:

- Dirichlet on u

- Neumann on q 
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Finite difference method (FDM)

FDM approximates the solution of a differential equation by replacing differential operators 
with difference quotients:

Discretization consists in replacing the searched function with a set of its values in the nodes of the grid 
(regular or irregular).

The derivative values at a point are replaced by the increments (differences) of the function at neighboring nodes.

Differential equations are replaced by algebraic equations, the so-called difference equations.

We obtain a system of algebraic equations with unknowns being the values of the function at the nodes. 

For rectangular mesh:

Different differential schemes can be adopted:

Forward Differential quotient

Rear differential quotient

Central difference quotient

then a reasonable approximation for 
that derivative would be to take (difference 

quotient)
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Finite difference method (FDM)

Differences corresponding to higher derivatives:

Using the difference diagram we can express the differential equation at any point (xi, yj)

using an algebraic equation. In the case of the Poisson equation:

For regular grid (h=g) and  f=0 (Laplace's equation) we get:

N grid points in the domain  , N equations, N unknowns (each equation corresponds to one grid node)

In case of irregular boundary shape:

a) we assume

b) we assume 

Boundary condition interpolation boundary condition extrapolation
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Examples of irregular grids in FDM

Square grid Triangular grid Hexagonal grid

Polar grid Rectangular grid
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Boundary Element Method (BEM)

For the source point, one can present a boundary integral equation, which is an equivalent formulation 
to the Poisson problem:

Functions u* i q* depend on the position of two points:    ഥ - source point, ഥ𝑥 - observation point

the coefficient that takes the value of ½ on a smooth contour or 1 inside the area 

Kernel functions (known in the theory of integral equations): 

Function q* is defined by the directional derivative u*:

By differentiating, we get:

Where: 𝑟𝑖 = 𝑥𝑖 − 𝜉𝑖  , i = 1,2, ത𝑛 = 𝑛1, 𝑛2 is a unit external vector, normal to the boundary 

The boundary integral equation states the relation between ҧ𝑥  

and its derivative in normal direction 𝑞 ҧ𝑥 = 𝜕𝑢 ഥ𝑥

𝜕ഥ𝑛
 on the boundary Γ.
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Boundary Element Method (BEM) - the numerical approach 

1. Discretization of the boundary (LE boundary elements)

2. On each boundary element we approximate the functions u ҧ𝑥  and 𝑞 ҧ𝑥  

(𝑒. 𝑔. :  𝑢 𝑃𝑖  i 𝑞 𝑃𝑖  constant on boundary elements) 

3. We transform the integral equation for each nodeത into 
an algebraic linear equation:

after numerical integration for each grid point:

L𝐄 linear equations with unknowns: 𝑢 𝑃𝑗  (if point 𝑃𝑗 ∈  𝑞) or 𝑞 𝑃𝑖  (if point 𝑃𝑖  ∈  𝑢)

Finally:

The solution 𝑦  represents unknown boundary values of u and q. The matrix A – full, unsymmetric

4. Solution provides complete information about the function u ҧ𝑥  and its derivative 𝑞 ҧ𝑥  on the 
boundary
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Finite Element Method (FEM)

Equivalent problem of minimizing of the fictional (for the Poisson problem):

Where the function u satisfies the Dirichlet condition:

1. Discretization of the solution domain  
         into elements i , i= 1,LE connected in the nodes

2. Approximation of function u( ҧ𝑥) within the finite element in the 
form of polynomials dependent on the unknown nodal values 𝑢𝑖  

LWE – number of nodes of the element
𝑢𝑖  , i=1,….,LWE – nodal values of the approximated function
𝑁𝑖(𝑥1, 𝑥2) – shape functions

3. Discrete form of the functional

Approximation 
of the function 𝑢 𝑥, 𝑦  
over the element 𝑒
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Finite Element Method (FEM)

Inside each element we have:

In this way the functional I is replaced by the function of several unknows 𝑢𝑖  , i=1,2,….,LW , 
where LW enotes the number of nodes of the finite element mesh. In matrix form, this function 
has the form:

The necessary condition for the minimum of this function is that all partial 
derivatives are zero.:

Set of the simultaneous equations with unknown nodal values of the investigated function

matrix: sparse, symmetrical, 
positive defined, banded

Zero 
elements

Non-zero 
elements



25

Example 4: Stationary heat flow in a pipe

The thick-walled steel pipe has an internal temp. Tw=100C and the outside temp. Tz=20C. 
Pipe inner radius is a=30mm, external radius b=40mm. Calculate the temperature distribution.
Data: λ=50W/mK.

( ) ln

ln

z w
w

T T r
T r T

b a

a

−  
= +  

   
 
 

a

b

Tz

Tw

∇2𝑇 = 0
Analytical solution:Laplace's equation:

FEM model:

Temperature distribution:

𝑇 ҧ𝑥 = 100℃

𝑇 ҧ𝑥 = 20℃
𝑞 ҧ𝑥 = 0

𝑞 ҧ𝑥 = 0
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Finite difference method (FDM) Boundary element method (BEM) Finite element method (FEM)

General calculation procedure

partial differential equations integral boundary equations functional minimization problem

Construction of a node grid 
and adoption of selected 
differential schemes

Division of the boundary into segments 
(boundary elements) and assumption of 
appropriate approximation functions on 
the elements (shape functions)

Division of the region into small 
subregions (finite elements) and adoption 
of appropriate approximating functions on 
the elements (shape functions)

Replacing differential equations with 
difference equations for successive 
nodes of the region. Forming a system of 
linear equations.

Modification of the system of equations 
- introduction of boundary conditions

Solution of a system of linear equations 
(sparse, banded, usually symmetric matrix)

Complementary calculations, e.g. derivatives 
of the searched functions at the nodes

Construction of the stiffness matrix of 
successive elements. Formation of a 
system of linear equations.

Modification of the system of equations 
- introduction of boundary conditions

Solution of a system of linear equations 
(sparse, banded, usually symmetric matrix)

Complementary calculations, e.g. derivatives of 
the searched functions inside finite elements

Construction of a discrete representation 
of the integral equation for successive 
boundary nodes. Formation of a system 
of linear equations

Modification of the system of equations 
- introduction of boundary conditions

Solution of a system of linear equations 
(full asymmetric matrix)

Complementary calculations, e.g. derivatives of 
the searched in selected points of the domain
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FEM as an approximate method

Finite element method (FEM) is an approximate method that can be used 
as a numerical procedure to solve physical problems, including:

- solid mechanics,
- heat transfer,
- fluid flow,
- electromagnetism,
- coupled field problems
- …

FEM was developed in the 1950s to solve 
problems for the civil and aerospace 
industries. The method has become the most 
powerful analytical tool, mainly due to the 
development of computers.

The purpose of the lecture: providing 
the basic knowledge and skills needed 
to understand and apply FEM to solve 
boundary value problems for partial 
differential equations.
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Basics of matrix calculus
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Basic operations on matrices
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Matrix multiplication using Falk's scheme

Selected properties of matrix operations:
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Determinant of a matrix
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Examples
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Examples
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